Optomechanics experiments are rapidly approaching the regime where the radiation pressure of a single photon displaces the mechanical oscillator by more than its zero-point uncertainty. We show that in this limit the power spectrum has multiple sidebands and that the cavity response has several resonances in the resolvedsideband limit. Using master-equation simulations, we also study the crossover from the weak-coupling manyphoton to the single-photon strong-coupling regime. Finally, we find non-Gaussian steady-states of the mechanical oscillator when multi-photon transitions are resonant. Our study provides the tools to detect and take advantage of this novel regime of optomechanics. PACS numbers: 42.50.Wk, 07.10.Cm, 37.30.+i Introduction. Optomechanics is a rapidly growing field of research studying mechanical degrees of freedom coupled to modes of optical cavities via radiation pressure, optical gradient, or photothermal forces [1, 2] . Work in this area is largely motivated by building more sensitive mass and force sensors [3] , providing long-range interaction between qubits in future quantum information hardware [4] , and probing quantum mechanics at increasingly large mass and length scales [5] .
Introduction. Optomechanics is a rapidly growing field of research studying mechanical degrees of freedom coupled to modes of optical cavities via radiation pressure, optical gradient, or photothermal forces [1, 2] . Work in this area is largely motivated by building more sensitive mass and force sensors [3] , providing long-range interaction between qubits in future quantum information hardware [4] , and probing quantum mechanics at increasingly large mass and length scales [5] .
In the standard optomechanics setup, the position of a mechanical oscillator parametrically modulates the frequency of an optical cavity mode. In most experiments to date this optomechanical coupling is small compared to the mechanical frequency and the cavity linewidth. However, if the cavity is strongly driven and thus contains a large number of photons, the coupling between the mechanical oscillator and the fluctuations of the cavity field is enhanced by a factor √ n, where n is the mean photon number in the cavity. This has recently led to the observation of radiation-pressure effects, e.g. redsideband cooling [6] [7] [8] [9] [10] [11] , normal-mode splitting [12, 13] , and optomechanically-induced transparency [13] [14] [15] .
In this weak coupling regime the Hamiltonian is quadratic so that ordinary thermal and vacuum noise lead to Gaussian steady-states. To create more general and possibly more interesting and useful states one either needs non-Gaussian input noise, e.g. driving the system with single-photon sources [16] , or one has to make the system nonlinear. The latter can be achieved either via measurement backaction [17] or intrinsic non-linearities, e.g. coupling the resonator via a qubit to the mechanical oscillator [18] or engineering an optomechanical interaction which couples the position squared of the oscillator to the cavity mode [9, [19] [20] [21] .
Several optomechanics setups, using either ultracold atoms in optical resonators [22] , optomechanical crystals [23] or superconducting circuits [13] , are approaching the limit where the radiation pressure of a single photon displaces the mechanical oscillator by more than its zero-point uncertainty. In this single-photon strong-coupling regime the full parametric coupling, i.e. three-wave mixing in the language of quantum optics, has to be taken into account. To date there exists little literature on this subject with the notable exception of Refs. [24] [25] [26] . In this paper we show how to detect this novel regime of optomechanics and exploit the nonlinear spectrum to create non-Gaussian steady-states of the mechanical oscillator. For weak coherent optical drive we use the polaron transformation to calculate properties of the output light to all orders in the optomechanical coupling. We find that the power spectrum has multiple mechanical sidebands and the cavity response has several resonances in the resolved-sideband limit. Using master-equation simulations, we calculate these observables throughout the crossover from the many-photon to the singlephoton limit. Finally, we show that multi-photon transitions can lead to non-Gaussian steady-states which might enable the observation of quantum tunneling and noise-induced switching in optomechanical systems.
Model. We consider the standard model of optomechanical systems where the position of a mechanical oscillator,x = x ZPF (b +b † ), is parametrically coupled to an optical cavity modeâ, see Fig. 1 (a) . Setting = 1 the Hamiltonian readŝ
where ω R is the resonator frequency, ω M the mechanical frequency, and g = ω ′ R x ZPF is the optomechanical coupling.
−1/2 is the zero-point uncertainty, M the mass of the mechanical oscillator, and ω ′ R = ∂ωR ∂x the derivative of the resonator energy with respect to the oscillator position x.â andb are bosonic annihilation operators for the cavity mode and the mechanical oscillator, respectively. †â as a function of detuning ∆ and (b) power spectrum S(ω) at ∆ = 0. ωM = g and ωM /γ = 20 for all curves, ωM /κ = 2 and n th = 0 (blue solid), ωM /κ = 2 and n th = 1 (red dashed) as well as ωM /κ = 0.5 and n th = 0 (black dash-dotted). The thin black solid line in (a) shows the empty cavity response g = 0 for comparison. n0 is the mean photon number on resonance, i.e. n0 = 4Ω 2 /κ 2 .
Note first that the Hamiltonian (1) conserves photon number, i.e. [â †â ,Ĥ 0 ] = 0. The Hamiltonian in the subspace of n photons is a harmonic oscillator with frequency ω M which is displaced by −nx 0 , where x 0 = −2x ZPF g/ω M is the displacement caused by one photon. Thus, the eigenvalues of (1) are
with non-negative integers n and m. The anharmonicity is proportional to the product of photon number n and oscillator displacement which is linear in the photon number n. We show the spectrum and eigenfunctions of Hamiltonian (1) in Fig. 1 (b) .
In order to include drive and decay we use standard inputoutput theory [27] . In a frame rotating at the frequency of the optical drive, the non-linear quantum Langevin equations reaḋ
where ∆ = ω L − ω R is the detuning between laser ω L and resonator frequency ω R , and γ and κ are the mechanical and cavity damping rates. The cavity inputâ in is a sum of a coherent amplitudeā in and a vacuum noise operatorξ satisfy-
Finally, we assume that the mechanical bath is Markovian and has a temperature
th = e ωM /kB T − 1. The model is characterized by three dimensionless parameters: the mechanical quality factor ω M /γ, the resolvedsideband parameter ω M /κ, and the granularity parameter g/κ [26, 28] . The latter is the cavity frequency shift in units of its linewidth when the oscillator is displaced by one zero-point uncertainty
is the oscillator displacement in units of x ZPF caused by the radiation pressure of a single photon. If |g| ≥ ω M we will say the system is in the single-photon strong-coupling regime.
Approximate solution for weak drive. It is well known that the HamiltonianĤ 0 can be diagonalized by the polaron transform given byÛ = e −Ŝ withŜ = g ωMâ †â (b † −b) [29] . Here we use it to find an approximate solution to Eqs. (2) and (3).
In steady-state and for weak optical drive we obtain
where we defined∆ = ∆ + g 2 /ω M andX(t) is given bŷ
Using this analytic approach, we calculate properties of the optical field. We get for the steady-state mean photon number
and the cavity amplitude relevant for homodyne experiments
where n 0 = 4Ω 2 /κ 2 with Ω = √ κ|ā in | is the mean photon number for g = 0 on resonance ∆ = 0. The quantities (6) and (7) are sums of resonances which are spaced by the mechanical frequency ω M . Let us discuss first the case of zero temperature, i.e. n th = 0, when only terms with k = 0 contribute in Eqs. (6) and (7) . In this case, the resonances are weighted by a Poisson distribution with variance (g/ω M ) 2 and the widths are κ + nγ. The resonances can be understood as transitions between the vacuum state |0, 0 and the manifold of one-photon eigenstates |1, m of the Hamiltonian (1). They are resonant if the laser frequency ω L matches
2 /m! where |m is the state with m phonons, ϕ m (x) is its real-space wavefunction, and x 0 /x ZPF = 2g/ω M . At finite temperature the states |0, m with m > 0 are thermally occupied leading to a redistribution of weight among the peaks and additional resonances at ω L = ω R − g 2 /ω M − mω M . In the limit κ ≫ γ we obtain the cavity spectrum S(ω) =
with the n = m = 0 term excluded. The coefficients C mn are independent of ω but rather involved and will not be shown. The optical output spectrum has sideband peaks at integer multiples of the mechanical frequency ω M whose widths are multiples of the mechanical linewidth γ. At zero temperature there are peaks only at negative frequencies because photons can only create phonons and leave the cavity with frequencies smaller than the laser frequency ω L . At finite temperature (or stronger optical drive) additional peaks appear at positive frequencies since there is a finite probability that a photon absorbs the energy of one or more phonons and leaves the cavity with a frequency larger than the laser frequency ω L . In passing we note that driving on these additional sidebands in the resolved-sideband limit leads to multi-phonon cooling which will be discussed in a future publication.
In Fig. 2 (a) we plot the steady-state mean photon number â †â as a function of detuning ∆ for a system entering the single-photon strong-coupling regime, g = ω M . In the good-cavity limit κ < ω M the cavity response shows several resolved resonances. At finite thermal phonon number additional peaks appear and their weights are redistributed until eventually they blur into a broad thermal background. In the bad-cavity limit κ > ω M the resonances overlap and broaden the empty cavity resonance. In Fig. 2 (b) we present the output spectrum S(ω) at zero detuning ∆ = 0. It shows a series of peaks at multiples of the mechanical frequency ω M for all sets of parameters: within and outside the resolved-sideband limit as well as for a zero and finite thermal phonon number.
Crossover between the many-and the single-photon limit. Let us now compare the single-photon strong-coupling regime to the more familiar case of weak optomechanical coupling and study the crossover between these two extreme limits.
For numerical simulations it is advantageous to use the displacement transformation by writingâ =ā +d andb = b +ĉ. We obtain a set of coupled equations for the mean valuesā andb:
It is well-known that these nonlinear equations have either one or three solutions. In the latter case the system is said to be (classically) bistable. The operatorsd andĉ describing the fluctuations around the mean values a andb, respectively, satisfy equations of motion equivalent to the quantum master equatioṅ
(9) with the Hamiltonian
)/2 is the standard dissipator in Lindblad form. This is an exact description of the system in a frame where the mean of both harmonic oscillators has been displaced to the vacuum.
Outside the bistable region, for large mean cavity amplitudē a and small optomechanical coupling g, the last term in the Hamiltonian (10) can be neglected. We then obtain a quadratic Hamiltonian or equivalently a set of linear quantum Langevin equations which can be solved exactly. In this linear theory we have d = 0, and the photon number is given by |ā| 2 + d †d . We now compare the predictions of the numerical solution of the quantum master equation (9) to the linear theory and the analytic expressions (6) and (8) derived above. In Fig. 3 (a-c) we plot the steady-state mean photon number â †â as a function of detuning ∆ for three different sets of parameters. For Ω/κ = 0.01 and g/κ = 2 we are in the single-photon strong-coupling limit. The numerical solution of Eq. (9) shows several resonances and agrees very well with the analytical expression (6) . The linear theory is not appropriate in this regime. This is signaled by the fact that the size of the fluctuations by far exceeds the mean photon number: |ā| 2 ≪ d †d . At intermediate coupling and drive, Ω/κ = 0.5 and g/κ = 0.5, the numerical simulation of (9) predicts one large peak slightly below ∆ = 0 and a small resonance close to the blue sideband ∆ = ω M . Eq. (6) and the linear theory qualitatively describe this feature but fail to agree with the numerics quantitatively. Finally, for Ω/κ = 20 and g/κ = 0.01 we are well inside the regime where the linear theory is valid. It correctly predicts a slightly asymmetric peak close to ∆ = 0.
In Fig. 3 (d-f) we show the optical output spectra S(ω) for the same parameters obtained from simulations of Eq. (9). In the single-photon strong-coupling limit it has multiple sidebands and agrees quantitatively with Eq. (8) . As the drive strength increases, additional sidebands at positive frequencies appear. With decreasing optomechanical coupling g the weight gradually concentrates in the two sidebands at ω = ±ω M as predicted by the linear theory.
Non-Gaussian steady-states via multi-photon transitions. In the final part of this paper we address the question as to how the nonlinear single-photon strong-coupling limit leads to non-Gaussian steady-states for the mechanical oscillator.
Recalling the spectrum of the Hamiltonian (1) we notice that for ∆ = −ng 2 /ω M multi-photon transitions between the vacuum state |0, 0 and the lowest-energy state with n pho- tons |n, 0 are resonant, i.e. E 00 + nω L = E n0 . As all intermediate transitions are off-resonant, the system is in the Franck-Condon blockade regime [30] , and we expect that at weak drive the system will stay close to the vacuum state and a strong drive induces multi-photon transitions.
In Fig. 4 (a) we show the steady-state mean phonon numbern = b †b and the second-order coherence of the mechanical oscillator F = b †b †bb /( b †b )
2 as a function of drive strength Ω. For small drive Ω/κ < 0.3 the mean phonon numbern remains small as expected. After a region of strong number fluctuations F ≫ 1, the phonon number increases rapidly with drive strength Ω. We note that the phonon number fluctuations also become large in the limit of small drive Ω → 0 which has been discussed in Ref. [30] .
Since | b | is small for all drive strengths Ω considered here (not shown), the Wigner function of the mechanical oscillator is rotationally invariant and the phonon number distribution P n contains the complete information of the reduced density matrix. In Fig. 4 (b) we plot the phonon number distribution P n for Ω/κ = 0.6. We can clearly distinguish two peaks: one at zero and one at n = 14 phonons. With increasing drive strength Ω weight is gradually transferred from the former to the latter. We interpret this as a statistical mixture of two different oscillation amplitudes and expect the system to exhibit quantum tunneling and noise-induced switching [31] . We note that similar states have been reported in Ref. [26] .
Conclusion. Motivated by recent experiments, we explored optomechanics in the regime where the radiation pressure of a single photon displaces the mechanical oscillator by more than its zero-point uncertainty. We demonstrated that the output spectrum and cavity response are qualitatively modified and showed how to create non-Gaussian steady states of the mechanical oscillator. Our study opens many further questions about the single-photon strong-coupling regime whose physics is far from well-understood, including e.g. the fate of red-sideband cooling and ponderomotive squeezing.
